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Fundamental Strategies for Control
of a Tethered System in Elliptical Orbits
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Fundamental strategies for libration control and deployment of a tethered system in elliptical orbits are pre-
sented. Through the physical interpretations of the dynamic behavior of tethered systems in elliptical orbits, it
is shown that the periodic solution is proper as a control objective. An on–off control strategy using a thruster
installed to the subsatellite is examined in elliptical orbits, and the periodic on–off control, which acts at certain
true anomalies in the orbit, is presented as the fundamental strategy. For tether deployment, uniform rate deploy-
ment is examined in elliptical orbits through physical interpretations of the equations of motion and numerical
simulations, and it is shown that the slower deployment is preferable to deploy a tether closer to the periodic
solution at the end of the deployment. It is considered that the strategies presented in this study can be applied to
tethered systems in orbits of an arbitrary eccentricity, as far as the libration is possible.

Nomenclature
e = orbital eccentricity
F = control thrust force, N
hperi = perigee altitude, m
K = control gain, s
l = length of tether, m
lop = operation length of tether, m
ms = mass of subsatellite, kg
n = orbital mean motion, rad/s
r = orbital radius, m
rE = Earth radius, m
¹ = Earth gravitational constant, m3/s2

º = true anomaly measured from perigee, rad
Ã = libration angle, rad

Subscripts

p = periodic solution
0 = initial conditions

Introduction

M ANY applications of tethered systems have been proposed
because tethers have great potential to realize large-scale

space structure systems. A tethered system with multiple subsatel-
lites has been proposed to observe the atmospheric region from
150 to 500 km.1 The tethered system consists of one large mother
satellite and four small observer satellites connected to the mother
satellite by one tether, and the system can observe multiple regions
simultaneously.Because the purposeof this system is to observe the
atmosphere, its orbital speed is reduced by the atmospheric drag;
therefore, a high-energy orbit is necessary to execute a long-term
operation. Because the observation altitude is limited, the system
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should take an ellipticalorbit.Thus, this tetheredsystemis subjected
to variouschangesof gravitygradientandatmosphericenvironment.

In the studies on the dynamics of tethered systems in elliptical
orbits,2;3 numerical simulations have shown that the divergence of
librationresultingfromatmosphericdrag canoccur,and the tethered
system begins tumbling later. It is consideredthat the tumbling mo-
tionof the systemcancauseoperationsand scienti� c observationsto
be infeasible. It has been concluded that some improvements (e.g.,
applying thicker tether) or active controls are necessary to lead the
tethered system to continue libration for a long-term operation. A
deploymentstrategy to develop the tethered system stably in ellipti-
cal orbitsmust also be considered.The last phase of the deployment
naturally gives the initial condition of the operation.

This studyaims to investigateand developthe fundamentalstrate-
gies for deployment and libration control of a tethered system in
elliptical orbits. In the past studies only a few strategies have been
presented for the libration controls4;5 and tether deployment6;7 in
ellipticalorbits. However, the investigationsabout the control actu-
ators and their limitations, postdeployment behavior, and the char-
acteristics of the libration in elliptical orbits are insuf� cient. There-
fore, their strategies cannot always be feasible or rational for actual
tethered systems. In this study, practical strategies, which can be
applied to an arbitrary tethered system, are presented through the
suf� cient backgroundon the dynamical characteristics.At � rst, the
control objective is discussed through the reconsiderationabout the
previous studies on dynamic behavior of tethered systems in ellipti-
cal orbits. For tethered systems in circular orbits, it has been shown
that the libration control by thrusters with on–off strategy8 and the
uniformrate deployment9 are effectiveand practicalfor the libration
controland the tetherdeployment,respectively.The effectivenessof
these practical strategies in elliptical orbits is investigated through
physical interpretations and numerical simulations of a simpli� ed
model, which consists of a subsatellite connected by a massless
tether to the mother satellite in ellipticalorbit. And the fundamental
strategies are clearly shown.

Control Objective in Elliptical Orbits
Characteristics of Libration in Elliptical Orbits

In elliptical orbits, tethered systems begin libration and tumbling
as a result of the changes of gravity gradient and orbital angular
velocity. Periodic solutions of the libration and their stability have
been analyzednumerically,10;11 and it has been shown that the stable
libration of a tethered system is possible in elliptical orbits when
e < 0:353. It is also shown that the tethered system continues the li-
brationstablywhen the initialconditionis in theneighborhoodof the
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periodic solution. The region of the condition,which leads the teth-
ered system to continue the libration,diminishes as the eccentricity
increases. Outside of this region, the tethered system begins tum-
bling motion,which emergesas a chaoticmotion.12 A Poincaré map
consists of discrete plots created by sampling the values of states
periodically, and it facilitates the understanding of the changes in
the motion characteristics of the system over long periods of time.
Figure 1 is a Poincaré map showing the values of states at every
perigee of numerical integrations with various initial conditions12;
µ is the attitude angle of the spacecraft measured from the local
vertical. In the center of the � gure, many closed curves can be seen,
and the tethered system continues the libration when the values of
states are in this region. There is the periodic solution in the center
of the closed curves.

As mentioned before, the libration can be unstable and diverges
because of the atmospheric drag, and the total system begins the
tumbling motion later.2;3 The divergence of libration is shown in
Fig. 2a. Figure 2b is Poincaré map showing the relativeposition (m)
and the velocity (m/s) between the mother satellite xm and the sub-
satellite x in the orbital coordinate,where ¡x is the � ight direction.

Fig. 1 Poincaré map classifying libration and tumbling motion.12

a) Time history

b) Poincaré map

Fig. 2 Divergence of libration.2

a) Time history

b) Poincaré map

Fig. 3 Convergence of libration.13

In Fig. 2b, the initial condition is given at the origin of both axes. As
the libration diverges, the points are plotted outward from the peri-
odic solution. On the other hand, in the study clarifying the cause
of divergence,13 it is shown that the asymptotically stable libration
convergeson the periodic solution.Figure 3a shows the time history
of the position in the x coordinate of the subsatellite, and Fig. 3b
is a Poincaré map, where the coordinate is the same as that used in
Fig. 2. The physical interpretation of divergence/convergence has
been obtained through the comparison with the periodic solutions,
and the divergence/convergenceof the librationhas been interpreted
as that of the deviation of the libration from the periodic solution.

Control Objective
For active libration controls it is effective to suppress the diver-

gence of the deviation from the periodic solution and to lead the
libration to the periodic solution. In other words, the periodic so-
lution is proper as the control objective of the libration of tethered
systems in elliptical orbits.

From the viewpoint of control, the following interpretation can
also be valid. The libration of a tethered system in elliptical orbits
can be regarded as a sort of periodic system. The control objective
of a periodic system should be some periodicsolution.In this case, a
periodicsolutioncan also mean an equilibriumstate.When there is a
periodic solution without any controls, it is optimum for the control
objective because the necessary control input would be minimum.
It has been shown that the tethered system in ellipticalorbits has the
periodic solution, even when the elasticity of the tether, the out-of-
plane motion, and the atmospheric drag is considered.13 Therefore,
the periodic solution is proper as the control objective.

Formulation
System Con� gurations and Assumptions

This study aims to clarify the fundamental strategies for control
of tethered systems in elliptical orbits. For the clarity of the numer-
ical simulations, only the libration and the deployment of the tether
are treated, and the effects of the control and the orbital motion
are focused. Other factors, such as elasticity, lateral de� ection, and
damping of the tether, etc., should be ignored, even though they
also have effects on the dynamics of the tethered system. The teth-
ered system under consideration is shown in Fig. 4. The following
assumptions are made:

1) The attitude motion of the tethered system does not affect the
orbital motion.

2) The subsatellite is connected by the tether to the mothersatel-
lite, which coincides to the origin of the orbital coordinate.
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Fig. 4 Coordinate of the tethered
system.

3) The center of mass of the system is moving in an equatorial
orbit around the spherical Earth.

4) The mass, elasticity, and lateral de� ection of the tether are
negligible.

5) Only the planar motion is considered.
6) The subsatellitehas a thruster, which acts perpendicularto the

tether line. The thruster affects only the libration of the tethered
system.

Through this model, the librationand the deploymentof the tether
can be considered, and the effects of the thruster and the orbital
motion can be investigated.

Equations of Motion
Equations of motion are as follows including the thruster term

modi� ed from those shown in Ref. 6:

RÃ D ¡Rº ¡ 2.Pl= l/. PÃ C Pº/ ¡ .3¹=r 3/ cos Ã sin Ã C F=msl (1)

The equations of orbital motion are as follows:

Rr D r Pº2 ¡ ¹=r 2 (2)

Rº D ¡2 Pº Pr=r (3)

Initial orbital parameters at the apogee are given as follows:

r0 D [.1 C e/=.1 ¡ e/].rE C hperi/; Pr0 D 0

º0 D ¼; Pº0 D
q

.1 ¡ e/¹
¯

r 3
0 (4)

System Parameters
In the numerical simulations, the following values are used: rE D

6378 km, ¹ D 3:986 £ 1014 m3/s2, hperi D 300 km, ln D 100 km,
ms D 500 kg, and F D 10 N. All numerical results are obtained by
fourth-order Runge–Kutta method.14 The numerical accuracy is at
least eight digits at the end of numerical integrations.

Libration Control
Uncontrolled Motion and Periodic Solution

When neither libration control nor deployment of the tether is
considered, Eq. (1) becomes as follows:

RÃ D ¡Rº ¡ .3¹=r 3/ cos Ã sin Ã (5)

Figure 5 shows the result of the numerical integration of Eq. (5)
with Ã0 D 0:1 and PÃ0 D 0:0 in the orbit of e D 0:2. In Fig. 5a the
amplitude of the libration continues to lie in the � xed limits, and
in Fig. 5b all points in the Poincaré map are plotted on a closed
curve. This result means that the libration is quasi-periodic and
stable—neither converging nor diverging. Figure 6 shows the time
history of the pitch angle and the pitch rate of the periodic solu-
tion, and this motion is plotted at almost the center of the closed
curve of the quasi-periodic libration in the Poincaré map (Fig. 5b).
The libration control under the investigation should lead the quasi-
periodic libration shown in Fig. 5 to the periodic solution shown in
Fig. 6.

a) Time history

b) Poincaré map

Fig. 5 Uncontrolled motion: e = 0.2, (Ã0; _Ã0) = (0.1, 0.0).

Fig. 6 Periodic solution.

Estimation of Periodic Solution
Because the periodic solution of an actual tethered system de-

pends on its � exibility and orbital environment, such as the atmo-
spheric drag, etc., the periodic solution cannot be exactly obtained
in advance. As shown in Figs. 3b and 5b, the periodic solution is
plotted at the center of the points of the uncontrolledmotion, which
is valid at arbitrary true anomaly in the orbit. Therefore, it is consid-
ered that the approximatevalues of states of the periodic solutionat
a certain true anomaly can be estimated as the mean values of states
of the uncontrolledmotion for 10–20 orbital revolutions,which are
suf� cient to make a rough closed curve in the Poincaré map.

Periodic On–Off Control
In the on–off control, the thrust force is assumed to be constant,

and the control is made through varying the pulse width and the
direction of thrust. An on–off control of some period, which is de-
termined by the time, true anomaly, and some values of states, etc.,
should be feasible. An on–off control strategy, which has a period
determined by the true anomaly, is considered in this study. In this
strategy, the pulse width and the direction of thrust are determined
accordingto the differenceof the pitch rate from that of the periodic
solution. This control adjusts the pitch rate to that of the periodic
solution through acceleration/deceleration of the slower/faster li-
bration, respectively. Through this periodic control, the libration
becomes closer to the periodic solution as the number of the orbital
revolution increases more.
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Numerical Simulation
In the numerical simulation, the periodic control at every apogee

is considered. It is assumed that the values of states of the periodic
solution at the apogee are exactly estimated.

The values of states of the libration are considered to be in the
neighborhood of the periodic solution. When the pulse width is
short enough to be regarded as a moment compared to the orbital
period, the pulse width can be determined linearly proportional to
the difference of the pitch rate. The pulse width TF is determined
proportional to the difference between the pitch rate at the apogee
and the periodic solution as follows:

TF D K [. PÃp ¡ PÃ/=n] (6)

where n is just to adjust the dimension. When TF is negative, the
thruster acts in the inverse direction for jTF j seconds. The control

a) Time history (1–100 revs)

b) Time history (95–100 revs)

c) Poincaré map

d) History of TF

Fig. 7 Controlled motion: e = 0.2, (Ã0; _Ã0) = (0.1, 0.0).

strategy just stated is made through the following equations:

RÃ D ¡Rº ¡ .3¹=r 3/ cosÃ sin Ã C sgn.TF / £ .F=ms l/

.tapo < t < tapo C jTF j/ (7)

RÃ D ¡Rº ¡ .3¹=r 3/ cos Ã sin Ã

.tapo C jTF j < t < tapo C T0/ (8)

where tapo and T0 are the passage time at the apogee and orbital
period, respectively. Figure 7 shows the numerical result for 100
orbital revolutionsin the case of e D 0:2 and KT D 1000. The initial
condition is Ã0 D 0:1 and PÃ0 D 0:0 given at the apogee. In the time
history (Fig. 7a), the amplitude of the libration converges to be a
certain limit, and Fig. 7b shows that the librationcoincideswith that

a) Time history (1–100 revs)

b) Time history (95–100 revs)

c) Poincaré map

d) History of TF

Fig. 8 Controlled motion with measurement error: e = 0.2, (Ã0; _Ã0) =
(0.1, 0.0).
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of the periodic solution shown in Fig. 6. The Poincaré map (Fig. 7c)
shows the convergenceof the plottedpointson the periodicsolution.
It is important that the control input TF converges on 0 (Fig. 7d),
whichshows thevalidityto regardtheperiodicsolutionas thecontrol
objective.

To investigate the effects of measurement errors, a numerical
simulation is carried out. The measurement errors of the values of
states and the periodic solution can be included as w in Eq. (9):

TF D K [. PÃp ¡ PÃ/=n C w] (9)

w is givenas a nondimensionalwhitenoise,whichhas the averageof
0.02 and the variance of 0.022, and all other parameters are same as
in the precedingsection shown in Fig. 7. The result is shown in Fig.
8. It shows that neither the divergence nor the drift of the libration
occurs.The librationstill continuesto stay in theneighborhoodof the
periodic solution (Fig. 8c), and the effect of the random error on the

a) Time history (1–100 revs)

b) Time history (95–100 revs)

c) Poincaré map

d) History of TF

Fig. 9 Controlled motion: e = 0.0, (Ã0; _Ã0) = (0.1, 0.0).

libration is canceled on average. The bias error affects as a periodic
input of a constantvalue,which does not cause the divergenceor the
drift of the libration.However, a periodicmotion is newly caused as
a result of the bias error, which does not coincide with the periodic
solution. The control input has a bias and a variance, as shown in
Fig. 8d. It is considered that the bias error and the random error
cause the bias and the variance of the control input, respectively,
and that the measurementerrorsdegradethe ef� ciencyof the control
input. It is concluded that the measurement errors do not invalidate
the fundamental control and that an accurate measurement must be
achieved for better control ef� ciency.

This strategy is also valid for tethered systems in orbits of other
eccentricity. The cases of e D 0:0, 0.1, and 0.3 are also simulated,
and almost the same resultsare obtainedfor all of the cases.Figure 9
shows the results of e D 0:0. Figure 9a shows that the libration con-
verges on the equilibrium state, which is the periodic solution in
circular orbits.

Deployment of Tether
Requirement for Deployment

In the preceding section, the strategy for the libration control has
been presented, and it is effective to suppress the divergence of the
libration when the tethered system has the condition to continue
libration at the beginning of the operation. For deployment, it is
required that the values of states of the libration have close ones to
the periodic solution at the end of the deployment. The dynamical
characteristicsof the deploymentare examinedthrough the physical
interpretationsof theequationsofmotion, includingtheuniformrate
deployment and of their numerical integrations.

a) Time history of tether length

b) Time history of libration angle

c) Poincaré map

Fig. 10 Deployment behavior: (_l = 10 m/s).
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Physical Interpretation of Equations of Motion
The equations of motion without the tether deployment can be

written from Eq. (5) as follows:

RÃ C .3¹=r 3/ cos Ã sin Ã D ¡Rº (10)

As Fig. 5 shows, the tethered system continues libration stably.
This motion can be regarded as a sort of a one-degree-of-freedom
forced vibration without any dissipation governed by Eq. (10). The
equations of motion with tether deployment are given from Eq. (1)
as follows:

RÃ D ¡Rº ¡ 2.Pl= l/. PÃ C Pº/ ¡ .3¹=r 3/ cos Ã sinÃ (11)

and this equation can be written as

RÃ C 2.Pl= l/ PÃ C .3¹=r 3/ cos Ã sinÃ D ¡Rº ¡ 2.Pl= l/Pº (12)

The tetherdeploymentterm 2. PÃ C Pº/Pl= l can be regardedas a damp-
ing term 2Pl PÃ= l and an excitation term ¡2Pl Pº= l. When the deploy-
ment rate is uniform and l0 D 0 m the following equation is valid:

l D Plt ! Pl=l D 1=t (13)

Then, Eq. (12) can be written as follows:

RÃ C 2.1=t/ PÃ C .3¹=r 3/ cos Ã sinÃ D ¡Rº ¡ 2.1=t/ Pº (14)

This equation means that the libration does not depend on the de-
ployment rate until the end of the deployment.After introducing8,

Time-history of tether length

Time history of libration angle

Poincaré map

Fig. 11 Deployment behavior: (_l = 1 m/s).

which is a periodic function of one orbital period and has the mean
value of zero, the following equation is obtained:

RÃ C 2.1=t/ PÃ C .3¹=r 3/ cos Ã sin Ã D 81 ¡ 2.1=t/82 ¡ 2.1=t/n

(15)

2 PÃ=t is a damping term, 8 ¡ 282=t is a periodic excitation term,
and 2n=t is a term concerningthe shift of the centerof vibration.Be-
cause the deploymenttime has the limitation as t < lop=Pl, the shift of
the center of vibrationat the end of the deploymentdoes not exactly
coincide to the periodic solution. When the deployment is carried
out in suf� cient durationof time, the system is well damped, and the
shift of the center of vibration becomes suf� ciently small. There-
fore, it can be considered that the values of states of the libration at
the end of deployment should be suf� ciently close to the periodic
solution. It can be concluded that the slower deployment is more
preferable as far as the deployment rate is practical.

Numerical Simulation
To examine the effects of the deployment rate on the values of

states at the end of deployment, numerical simulations of Eq. (11)
have been carried out considering the three deployment rates (10,
1.0, and 0.1 m/s) to deploy a 100-km tether. The orbital eccentric-
ity is set at e D 0:2. The initial condition is given as Ã0 D 0:0 and
PÃ 0 D 0:0 at the apogee, and the numerical results have been ob-

tained for 200 orbital revolutions, which is suf� cient to investigate
the postdeploymentbehavior.Figures10–12 show the time histories
of the tether length and the libration angle and the Poincaré maps
for different three deployment rates. Each Poincaré map shows the
values of states at the apogee during the 200 orbital revolutions.

Time history of tether length

Time history of libration angle

Poincaré map

Fig. 12 Deployment behavior: (_l = 0.1 m/s).
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Fig. 13 Difference from periodic solution after deployment.

Figure 13 shows the difference of the libration angle from that of
the periodic solution for � ve revolutions just after the end of de-
ployment. From the Poincaré maps and Fig. 13, it is obvious that
the valuesof statesof the librationare closerto the periodicsolution,
when the deploymentis slower. In the case of Pl D 10 m/s, the deploy-
ment time is so short that the damping hardly affects the libration
compared with the other two cases. Therefore, the values of states
of the libration after the deployment are further from the periodic
solution than the initial condition as shown in Fig. 10c. On the other
hand, in the cases of Pl D 1:0 and 0.1 m/s, it can be considered that
the effect of the damping is large enough for the libration to follow
the shift of the center of vibration.

These numerical resultsagree with the interpretationsof Eq. (15).
From the practical viewpoint, it is considered that the uniform
rate deployment of Pl D 1:0 m/s can lead the libration of a 100-km
tether close enough to the periodic solution at the end of the
deployment.

Conclusions
Fundamental strategies for the libration control and the deploy-

ment of tethered systems in elliptical orbits are presented.
It is shown that the periodic solution of the libration is proper as

the control objective and that the strategies for tethered systems in
circular orbits are extended to the system in elliptical orbits.

The following conclusions are obtained in detail:
1) Through the physical interpretations on dynamics of tethered

systems in elliptical orbits, it is shown that the periodic solution,
which has the same period as one orbital period, is proper as the
control objective for libration controls.

2) The on–off control by the thruster installed to the subsatellite
is examined as a fundamental strategy, and the periodicon–off con-
trol at a certain true anomaly in the orbit is presented as a simple
and practical strategy. Its validity is shown through the numerical
simulations of a simpli� ed model.

3) Through physical interpretations of the equations of motion
including the tether deployment, the characteristics of the uniform
rate deployment are examined. When the deployment time is suf-
� ciently long, the effect of the damping on the libration becomes
large, and the shift of the center of vibration becomes small. There-
fore, the deploymentsof small rate are preferable to deploy a tether
stably.

In the numerical simulations, elasticity, lateral de� ection, damp-
ing, and out-of-planemotionsare ignoredfor the clarityof the study.
However, these factors also have effects on the dynamics, and some
can be harmful for the fundamentalcontrols.For example, the libra-
tioncontrolcan pump the higher-ordertransversemode of the tether,
and the out-of-plane libration of large amplitude can invalidate the
control strategies. Therefore, the effects of these factors must be
clari� ed in future works. Some optimization of the measurement
and the control law should also be investigated in future works.

It is considered that the strategies presented in this study can be
applied to tethered systems in orbits of an arbitrary eccentricity, as
far as the librationis possible.Many other strategiesfor the libration
control, the tether deployment, and the tether retrieval can also be
applied to tethered systems in elliptical orbits, which should be
treated in future works.
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